where f : R m n ! R of class C 1 satis es the natural growth jf( )j c(1 + j j p ) for some 1 p < 1 and c > 0, is suitably rank-one convex and in addition strictly quasiconvex at 2 R m n . We establish uniqueness results under the extra assumption that F is stationary at u with respect to variations of the domain. These statements should be compared to the uniqueness result of Knops & Stuart 5] in the smooth case and recent counterexamples to regularity produced by M uller & Sver ak 7].
Introduction
Let R n be a bounded starshaped domain and to avoid unnecessary technicalities assume that it has a C 1 boundary. In this note we consider integral functionals of the form F(u; ) := Z f(ru(y)) dy; (1.1) where f : R m n ! R is of class C 1 and its gradient satis es the growth condition jDf( )j c(1 + j j p?1 )
for some c > 0 and 1 p < 1. We address the question of uniqueness for critical points of F subject to linear boundary conditions. We refer to a function for all ' 2 C 1 0 ( ; R m ).
Another condition of rst order that we use in the sequel, is what is often referred to as stationarity. Here one introduces variations in the domain and demands the corresponding variation in the functional to vanish. More precisely one considers the one-parameter family of di eomorphisms " : R n ! R n , given by " (y) = y + "'(y) for arbitrary ' 2 C 1 0 ( ; R n ) and small enough ". Setting u " (y) = u( " (y)) it should then follow that In addition to the domain topology the regularity of the critical point in question also plays a signi cant role. Indeed M uller and Sver ak 7] have constructed, for the case when is the unit ball in R 2 , Lipschitz solutions (but no better) to (1.3) corresponding to a strictly quasiconvex integrand f that vanish on the boundary, a sharp contrast to the uniqueness result in 5].
In this note we aim to study this gap and prove somewhat optimal uniqueness results for critical points of F in starshaped domains when in addition the stationarity condition (1.4) holds (for convenience we refer to such functions as stationary points of F). The precise form of this statement appears in the following section. An interesting question to pursuit would be to see how far can one push the uniqueness result for linear boundary conditions, e.g. can one replace the assumption of being starshaped by being contractable? And can one classify domains with nontrivial topology in terms of their homology and homotopy groups? (Recall that for a starshaped domain the Poincar e lemma implies that all the homology and homotopy groups of order d 1 are trivial.) We refer the interested reader to 12] for further results in this direction.
We end this introduction by noting that there is a simple argument establishing uniqueness for W 1;p local minimizers of F in starshaped domains (without loss of generality with respect to the origin) when 1 p < 1. Indeed it follows from the growth condition (1.6) and the strict quasiconvexity of f at that the linear map u 0 = y is the absolute minimizer of F over y + W 1;p 0 ( ; R m ). A straight-forward proof of this assertion follows from the co-area formula (cf. We now proceed by taking the particular choice '(y) = r ";t (jyj=d( ))y in (1.4) for 0 < t 1 and " > 0 where Then the strict quasiconvexity of f at implies that u(y) = y in t . Proof. We have u hom t (y) = y. The conclusion now follows from the previous proposition.
Corollary 2.1. Assume that and f are as in Proposition 2:1 and that u of class C 1 is a weak local minimizer of F with uj @ = y, and f is rank-one convex at r u(y) for H n?1 -a.e. y 2 @ . Then the quasiconvexity of f at implies that u is an absolute minimizer of F in y + W 1;p 0 ( ; R m ). Moreover if f is strictly quasiconvex at then u = y. 
